Tight Lower Bound on the Geometric Discord: A Measure of the Quantumness 
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A general state of an m ® n system is a classical-quantum state if and only if its associated left- 
correlation matrix has rank no larger than m — 1. Based on this condition, a computable measure of 
quantum discord is presented, which coincides with the tight lower bound on the geometric measure 
of discord. Therefore such obtained tight lower bound fully captures the quantum correlation of a 
bipartite system, so it can be used as a measure of discord in its own right. Accordingly, a vanishing 
tight lower bound on the geometric discord is a necessary and sufficient condition for a state to be 
zero-discord. We present an alternative form for the geometric discord and provide a comparison 
between the geometric discord and our computable measure of quantum correlation. 
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I. INTRODUCTION 

Quantum discord represents a new type of quantum 
correlation which looks at the correlations from a new 
perspective, i.e. measurement theory, different than the 
entanglement-separability paradigm [l|, |2J . Hence, there 
exist separable (not-entangled) states which have non- 
zero discord such that one can employ these separable 
states as a resource to enhance the quality of quantum in- 
formation and computation processing 0,3- Nowadays, 
quantum discord became a subject of intensive study in 
different contexts [f| and different versions of quantum 
discord and their measures have been introduced and an- 
alyzed i|. Since the evaluation of quantum discord 
involves an optimization procedure, almost all quantum 
discord measures are very difficult to calculate analyt- 
ically and quantum discord was analytically computed 
only for a few families of two-qubit states Q and for 
some reduced two-qubit states of pure three-qubit states 
and also a class of rank-2 mixed state of 4 <g> 2 systems 
Q . Among the various measures of quantum discord, the 
geometric discord, has been firstly proposed by Dakic et 
al, is a simple and intuitive quantifier of general non- 
classical correlations [9(. Geometric discord is defined as 
the squared Hilbcrt-Schmidt distance between the state 
of the quantum system and the closest zero-discord state. 
For a bipartite state p on rl A €5 7~L B ' , with dim rl A = m 
and dxmrl B = n, the geometric discord is defined by [9| 



D G (p) = min||p-x|| 



(1) 



where Oq denotes the set of all zero-discord states and 
\\X — Y\\ 2 — Tr(X — Y) 2 is the 2-norm or square norm 
in the Hilbert-Schmidt space. This quantity vanishes on 
the classical-quantum states. Dakic et al. also obtained 
a closed formula for the geometric discord of an arbi- 
trary two-qubit state in terms of coherence vectors and 
correlation matrix of the state. Furthermore, an exact 
expression for the pure m®m states and arbitrary 2 (g> n 
states are obtained [HI |Tl[ . 

An alternative form for the geometric discord is intro- 



duced by Luo and Fu [K 
Dg(p) 



nun \\p 

n- 4 



n^(p)|| 



(2) 



where the minimum is taken over all von Neumann 
measurements IT 4 = {II^}^ =1 on rl A , and II (p) — 

J2T=i( U k ® ^(Hfc ® with 1 as the identity opera- 
tor on the appropriate space. They have also shown that 
Eq. © is equivalent to pi] 



D G {p) 



TrtCC* 4 ) - max Tr (AC C* A*), 



(3) 



where t denotes transpose, and C — (c^) is an m 2 
dimensional matrix defined by 

m —In — 1 



x 



E 

i=0 j=0 



(4) 



with {Ai}™^ 1 and {Yj}™^ 1 as the sets of Hermitian 
operators which constitute orthonormal basis for SU (to) 
and SU (n) algebra, respectively, i.e. 



Tr(XiXi,) =S U . 



Tr(YY r 



(5) 
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In Eq. ([3]), the maximum is taken over all m x m 
dimensional matrices A = (a^i) such that 

a ki = Tr(\k){k\X i ) = (k\Xi\k), (6) 

where {| is any orthonormal base for rl A . Based 
on the definition ©, Rana et al. [l2| and Hassan et al. 
13] have obtained a tight lower bound on the geometric 
discord. Let {\f j™! -1 and {A^}™^ 1 be generators of 
SU(m) and SU(n), respectively, fulfilling the following 
relations 



TrAf = 0, Tr(A*Af 



25i 



Then a general bipartite state p on rl A 
written in this basis as 



= A,B. (7) 
rl B can be 



p = — [i®i + x-y 

mn 



Em — 1 r-\n - 1 , \j 



(8) 
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Here I stands for the identity operator, x = 
(£!,-•• .Xn^-x)* and y = (yi,--- ,y„2„ 1 ) t are local co- 
herence vectors of the subsystems A and B, respectively 



TO 

Xi = -Tr 



and T = (ty ) is the correlation matrix 



mn 
tu = — Tr 



(I®Af)p , (9) 



(10) 



Comparing the two forms of p given by Eqs. (@| and ©, 
we find that 



C 



1 



1 



is 



(11) 



The authors of [l2|, [l3| have shown that the geometric 
discord of p is lower bounded as 



Dg(p) > 



2 


(W- 


m 2 n 




m —1 


2 

m 2 n 


k— m 



k=l 



I 2 — l 

where {^j^Li are eigenvalues of 



G 



xx* + —TT, 
n 



(12) 



(13) 



in nonincreasing order. Remarkably, the above lower 
bound on the geometric discord is tight in the sense that 
for to (g) m Werner and isotropic states, the above lower 
bound are achieved [13, [Hj]. Furthermore, for an arbi- 
trary state of 2 eg) n systems, the geom etric discord co- 
incides with this lower bound [ill Il4|. In appendix [Al 
we provide an alternative form for the geometric measure 
which can be used to obtain the lower bound (fT2j) as well 
as an exact solution for states of 2 eg) n systems. 

Based on the rank of the correlation matrix, Dakic 
et al. Q obtained a simple necessary condition for a 
general bipartite state to be zero-discord. A necessary 
and sufficient condition for a two-qubit state to be zero- 
discord is obtained by Lu et al. [15]. Their condition is 
related to the existence of a unit vector n £ M 3 satisfying 
the following conditions 



nf^x 



x, 



hrtT = T, 



(14) 



where x denotes coherence vector of the subsystem A, 
and T is the correlation matrix of p in Bloch representa- 
tion. Accordingly, a two-qubit state is of zero-discord if 
and only if either T = 0, or iank(T) = 1 and x belongs 
to the range of T. Recently, Zhou et al. [16( introduced 
a criterion tensor as 



and showed that a necessary and sufficient condition for 
a bipartite state to be zero-discord is ranfc(A) < m — 1. 
Remarkably, the above criterion is based on the extended 
version of Eq. (HH) as QJ] 



Px = x, 



PT = T, 



(16) 



where P is an (to— l)-dimensional projection operator on 
space K m . Based on the criterion tensor, the authors 
of fl6j proposed a measure of the quantum correlation as 



Q0>) = \ E 

k=m 



A 



feh 



(17) 



2_-i 

where {At}tLi are eigenvalues of the criterion tensor 
(|15p in nonincreasing order. They have also shown that 
in some particular cases their measure coincides with the 
geometric measure of quantum discord. 

In this paper we use the conditions given by Eq. (|16[) 
and propose a geometric way of quantifying quantum dis- 
cord. The optimization involved in the definition can be 
solved analytically, leading therefore to a closed form for 
the discord. Remarkably, such defined measure of dis- 
cord equals to the tight lower bound on the geometric 
discord given in (jT2"j) . This suggest that such obtained 
lower bound fully captures the quantum correlation and 
can be used as a measure of discord in its own right. 

The paper is organized as follows. In section II, we 
review some properties of coherence vectors of an arbi- 
trary set of von Neumann projection operators on T-L A . 
The necessary and sufficient condition for a state to be 
zero-discord is also given in section II. Section III is de- 
voted to the definition of the new measure of quantum- 
ness. In this section we also present some properties of 
the new measure and provide a comparison of this mea- 
sure with the geometric measure and the measure given 
in Eq. (jXTJ) . The paper is concluded in section IV. 



II. CHARACTERIZING 
CLASSICAL-QUANTUM STATES 

A general density operator on Ti A can be written as 
1 



where (to 



p A = — I + .t-A a 
m \ 

l)-dimensional vector x 



fall 



(18) 



with Xi = ?rTr(Af p ), is the so-called coherence vector 
of p A . For further use, we give bellow some properties 
of coherence vectors of a set of orthonormal pure states. 
Let {Ifc)}^]^ be an arbitrary orthonormal base for 'H A 
and {n^ = denotes projectors on this base; 

then 



A 



4 
mn 



(TT* - y 2 xf*) 



(15) 



E 

fc=i 



n, 



(19) 
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Now let dk €E R m 1 denotes coherence vector corre- 
sponding to 11^, i.e. 

u A = -(i + d k -x A ), (20) 

TO V / 

then the orthonormality and completeness conditions 
given in Eq. (fH)|) require that {dk}™^ fulfill the fol- 
lowing two conditions 

9 m 
_ TO TO x -> -j 

a* • a*/ = -— + — dw, 2^ afc=0 - ( 21 ) 

fc=i 

From the first relation above we find 

. _ . m(m—l) „ —1 

«fc = V cos ^' = 7> 22 

V 2 to — 1 

where (fc ^ fc') is the angle between a pair of co- 
herence vectors dk and cE^/ . This implies that the set 
of (to 2 — l)-dimensional coherence vectors {dk}™^ cor- 
responding to an orthonormal base forms an (to — 1)- 
dimensional simplex. In what follows, we denote this 
kind of simplex by A™"! 2 Corresponding to 
any such denned simplex, the following lemma gives an 
[m— l)-dimensional projection operator on K m _1 (l6| . 

Lemma 1 Any (to — 1)- dimensional projection operator 
on (to 2 — 1)- dimensional space K m ~ 1 can be represented 
by 

2 m 

P =—Y,*k{dk)\ (23) 
to ^ — ' 

fc=i 

where {dk} k n =1 are coherence vectors corresponding to or- 
thonormal projections, satisfying Eqs. and i2fy) . 

Proof First note that one can easily show that P^ = P 
and P 2 — P, so P is a projection operator. Since co- 
herence vectors corresponding to orthonormal base make 
simplex A r ! l ~: 2 , > so P is an (to— l)-dimensional pro- 

jection operator on R m ~ 1 or equivalently it is the unit 
operator on space R m_1 . 

Let us turn our attention on the bipartite state p on 
% A ® 'H B and consider the set of zero-discord states. 
By definition, a bipartite state p is of zero-discord, i.e. 
classical-quantum state, if and only if there exists or- 
thonormal base of V. A such that Q 

rn 

P = J2pkn A ®Pk, ( 2 4) 

k=l 

where LT^ = \k)(k\ and p? is a state on W B . The follow- 
ing theorem gives a criterion for a state to be zero-discord 

Theorem 2 A bipartite state p on the % A ® T-L 3 is a 

zero-discord state, a classical- quantum state, if and only 



if there exists an (to— 1)- dimensional projection operator 
P on the (m 2 — 1)- dimensional space R m _1 such that 

Px =x, PT = T, (25) 

where x denotes coherence vector of party A, and T is 
the correlation matrix of p. 

A p roof of this theorem is given in appendix [B] (see also 
[16j). Let us mention here that conditions (|23|) can be 
written also as 

PT = T, (26) 

where T is an (to 2 — 1) x to 2 matrix, obtained by removing 
the first row of the m 2 x m 2 matrix C of Eq. (|TT|) . i.e. 

Since T includes coherence vector x of the subsystem A 
as well as the correlation matrix T of the bipartite system 
A — B, we call T as the left-correlation matrix associated 
to the state p. 

As an example, let us consider the case of two-qubit 
system. In this case a general zero-discord state x is 
characterized by x — (pi — pzjn, y = (f>i£i +P2C2), and 
T = n(pi£i —^2^2)*, where p\,P2 are probabilities with 
Pi + P2 = 1) n is a unit vector, and £i>£2 are coherence 
vectors of the subsystem B. Evidently, the zero-discord 
condition (fT4")l is satisfied. In the following we show that 
the above theorem provides a necessary and sufficient 
condition for a bipartite state p to be zero-discord 0, . 

Corollary 3 A bipartite state p with the left- correlation 
matrix T, associated to the local coherence vector x and 
correlation matrix T, is a classical- quantum state, i.e. 
zero- discord state, if and only if 

vank{TT t ) < m - 1. 

Equivalently, one can say that p is a zero- discord state if 
and only if one of the following conditions is satisfied 

(i) ranfc(TT t ) < to - 2, 

(ii) rank^T 1 ) < to - 1, and x € R(TT*), 
where R(M) denotes range of the matrix M . 

III. QUANTIFYING QUANTUM DISCORD 

Theorem [2] allows us to introduce a new measure of 
quantum discord. Since conditions (|25l) give necessary 
and sufficient conditions for a state to be zero-discord, 
therefore measuring any violation of these conditions can 
be used to quantify discord. Accordingly, we use the 
degree to which the above conditions fail to be satisfied 
as a measure of discord. Here we propose the following 
measure of quantum discord 
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Proposition 4 For a given bipartite state p with the left- 
correlation matrix T, associated to the local coherence 
vector x and correlation matrix T , we propose the mea- 
sure of quantum discord as 

D P {p)=mm\\T-PT\\ 2 



min 1 1 T 

p 

— 77- mm{||x 



Px\\ 



\T - PT|| 2 },(28) 



wht 



may be any reasonable norm on the space 



of states and the minimum is taken over all (m — 1)- 

2 -, 

dimensional projection operators P on M m . Here we 
take || • || 2 to be the square norm in the Hilbert- Schmidt 
space. 

As we show below, minimization involved in the defini- 
tion given above can be solved exactly for arbitrary m®n 
states, giving therefore a closed form of expression for dis- 
cord. To see this, we write a general (to — l)-dimensional 
projection operator P on M m " _1 as P = X^i" 1 n i^i> 
where {fii} T ^L[ 1 * s an arbitrary orthonormal base for 
(to — l)-dimensional subspace of K. m 
Therefore 



Dp(p) = — — mm{\\Px — . 



Il 



TrG-maxTrO^Pf 
p 



PT-T\\ 2 } 
-T'PT) 



TrG-maxTrV h* 



(29) 



where G is defined by Eq. ([13]) . Using the fact that 



xx 



TT* 

we can rewrite Eq. (|29j) as 
D P (p) = 



-TT 



-G, 



(30) 



Tv(TT*) - max £ n\ 



Tr(rrt) - E * 



fc=i 



E T t 



(31) 



where {t^ jjJL-j -1 are eigenvalues of TT* in nonincreasing 
order. Surprisingly, the above measure coincides with the 
tight lower bound on the geometric discord (jT2"j) . there- 
fore we have in general 



D P (p) < D G (p). 



(32) 



This, particularly, implies that p is a zero-discord state 
if and only if the lower bound (fT2")l vanishes. We can also 
define the total and classical correlations, respectively, as 
(see also [l6j|) 



ip(p) = imi 2 = 



E T i> 

k=l 



Cp(p) 



max ||PT| 
P 



fc=i 



(33) 
(34) 



In view of this, the measure of quantum correlation reads 
as D P (p) = X P (p) - Cp(p). 

Let us mention some properties of the above defined 
measure of discord, (i) By definition, the above measure 
of discord vanishes only for zero-discord states, (ii) For 
any maximally entangled state = -p= N); we 

have Dp(p) — Dc{p) = which achieves its maxi- 

mum value, (iii) Dp(p) is invariant under any local uni- 
tary operations U\ and U 2 performed on Ti A and H. B 
respectively, i.e. D P {{Ui <g> U 2 )p{U 1 ® C/ 2 ) t ) = D P (p) 
where U\ € SU{m) and U 2 € SU(n). This follows from 
the fact the under such transformations, the coherence 
vectors x, y and the correlation matrix T transform as 



Oi x, 



y 



2 y, T -> 1 TOl 



(35) 



where 0\ corresponds to U\ via U\(x-\ A )U\ — (0\x)-\ A 
with Oi G SO(m 2 — 1). A similar definition holds for 
2 . This leads to G — > OiGO\, leaving eigenvalues of G 
invariant. 

Note that the above measure is, in general, different 
from the measure of nonclassical correlation (|T7| . pro- 
posed by Zhou et al. in Ref. [la ]. More precisely, Q(p) 
is obtained from the first to (to — 1) smaller eigenvalues 
of the criterion tensor A, but Dp(p) is obtained from the 
first to(to — 1) smaller eigenvalues of the matrix TT*, 
with T as the left-correlation matrix. Evidently, when 
x = then TT* — |A, so that the two definitions be- 
come identical. Moreover, in all cases that to(to — 1) 
smaller eigenvalues (counting multiplicity) of three ma- 
trices TT*. lA, and f .> TT 1 coincide, two definitions 
give same results. 

Note also the fact that the above measure of discord 
is in some sense similar to the geometric measure. In- 
deed, the geometric discord Dc(p), as given in Eq. @, 
is defined as the distance between a given p and the clos- 
est state H A (p), for all von Neumann (projective) mea- 
surements H A = {£l A }™ =1 acting on r H. A . On the other 
hand, Dp(p) is defined as the distance between the left- 
correlation matrix T associated to p and the closest left- 
correlation matrix P(T), for all (to— l)-dimensional pro- 
jection operators P acting on M m . Clearly, difference 
arise from the level of calculation of the Hilbert-Schmidt 
distance; the former is in the level of density operator p 
but the later is in the level of left-correlation matrix T ■ 
As it is shown in appendix \K\ an alternative form for the 
geometric discord is given by 



D G (p) 



TrG-rnax^^G/x 

{tJ/k ' fc=i 



(36) 



where maximum is taken over all simplexes A™ , 2 , ■ 

A comparison of Eq. (|3~Tj) with Eq. (131)1) shows that the 
calculation of Dp(p) needs to perform optimization over 
(to — l)-dimensional projection operators P, which can 
be solved exactly, but in calculation of Dq (p) we have to 
make optimization over (to — l)-dimensional simplexes 
A'" - , 1 „ 2 , ) where does not have an exact solution in 

{M fc }6R m 1 
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general. Two definitions become identical when m — 2, 
namely for 2 <g) n systems. This happens because in case 
rn = 2, calculation of the geometric discord leads to the 
problem of optimization over one-dimensional simplexes 



A 



{/Ji,M2}eiF 



with jffi = — p2 = ~j^P L x an d | cf 1 1 = 1, which 



is the same as the problem of optimization over one- 
dimensional projection operators P. Surprisingly, as it 
is evident from Eqs. ([28)) and (|36|) . both definitions are 
independent of the coherence vector y of the second sub- 
system. We give bellow some illustrative examples. 
m®m Werner states. — For the m®m Werner states 



-In 



rax — 1 



F, x e [-1,1], (37) 



with F = Y^Tl=i \kl)(lk\, the geometric measure of dis- 
cord is 10] 



Dg(p) = 



(mx — ly 



m(m — l)(m + l) 2 
On the other hand for these states x = y = and 

(mx — l) 2 



TT 1 = diag{r, • ■ • , r}, with r 



to 2 (to 2 — l) 2 



(38) 



,(39) 



so that we get Dp(p) — m(m — l)r = Dc{p)- 

m ® m Isotropic States. — As the second example we 
consider m® to isotropic states defined by 



1-x 



rn ■ x — 1 



P 



with \ip) = 
discord is fij 



, |^^|, x€ [0,1], (40) 
1 to/ — 1 

^ Y^k=i \ kk). The geometric measure of 



d g (p) 



(m 2 x — l) 2 



m(m — 1)(to + l) 2 
On the other hand for these states x = y = and 



(41) 



TV = diag{r, • • • , r}, with r = \— ^,(42) 

m z (m z — l) z 

we obtain Dp(p) = m(m — l)r = Dc(p). 

Pure m®m states. — Finally, we consider an example 
of bipartite to C3> to pure state with the following 
Schmidt decomposition 



l*)=Ev^K)K>- 



(43) 



The geometric discord of this state is [11| 



m 

D G (*) = 1-^^ = 1- Tr(/) 2 = -C 2 (V), (44) 

i=l 

where p A = Trs|^ r )(^ r | is the reduced state of the sub- 
system A, and C(\I/) is the generalized concurrence of \^>) 
On the other hand, in order to evaluate Dp(f ) we 



have to find the local coherence vectors and the correla- 
tion matrix associated with p = |$)($|, we get 



Xk 



tkl 



m 



2 m m 

i=i j=i 

= ^Tr( v / ^A feA /^Ar), (46) 

for = l,--- , m 2 — 1, where {Afc}]!^ 1 are basis of 
SU(m) algebra. If we choose the basis of SU (m) in such 
a way that the first m — 1 generators make the basis of 
its Cartan subalgebra, we get 

£fc = 2/fc = < V 2fe ( fe +!) (47) 
[ k = m, ■ ■ ■ , m 2 — 1 



T = 



TO 

~2~ 



T 











(48) 




where T c is an (to — 1) x (to — 1) symmetric matrix with 
( T c)kk = T7T~7~T\ \J2 s * + fc2s fe+i^) > ( 49 ) 

(Tc)fe< ' = 7^ +1W + D (S Sl " fcSfc+1 ) ' (50) 

and Trf is an to(to — 1) x to(to — 1) diagonal matrix such 
that T d = diag{±^/sis 2 , ±^/sis 3 , • • • , ± v /s m 2_ 2 s m 2_ 1 }. 
For maximally entangled states we have Sj = for 

i = 1, • • • to, leads to x — y = 0, TT — ^I m 2_ 1 ; so that 
TV = i/rf-i and £» P (*) = D G (¥) = 



IV. CONCLUSION 

We have presented a measure of the quantumness of 
correlation for arbitrary bipartite states. Our measure is 
based on the necessary and sufficient condition for a state 
to be zero-discord. An analytical expression for this mea- 
sure is given for any bipartite state. Interestingly, this 
measure equals to the tight lower bound on the geomet- 
ric discord. We have shown that both geometric measure 
and our measure of quantum correlation are independent 
of the coherence vector of the second subsystem. We pro- 
vide some examples and show that our measure of dis- 
cord coincides with the geometric discord whenever local 
coherence vector x vanishes. It is shown that the main 
difference between Dp(p) and Dq{p) arises from the dif- 
ference between minimization of the expectation value of 
the matrix TT'; The former needs to minimize expecta- 
tion value of TT' over all (to — l)-dimensional projection 
operators P, which can be solved exactly, but the latter 
needs to minimize the expectation value of the same ma- 
trix over all (to — lVdimensional simplexes A" 1 ^ 1 , , , 

which is in general a difficult task to handle. 
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Appendix A: Tight lower bound on the geometric 
discord 



In this appendix we first provide an alternative form 
for the geometric discord and then obtain the tight lower 
bound (I12p in a method different from that presented 
in [l2|, Il3| . Let be any orthonormal base for 

% A . Following pj| we represent the projection operators 
corresponding to this base as 



Hfc = \k)(k\ = J2 a ki X i 



(Al) 



i=0 



where a^i are defined in Eq. © and k = 1, • • • , m. It is 
easy to see that we can write matrix A — (aki) as below 



A = 



(A2) 



where /2& = — with ctj. as defined in Eqs. (f2"Tj) 
and (f2"2"j) . Therefore vectors {p,h\ r ^L l make the (to — 1)- 
dimensional simplex A™ - ! 2 , ■ Using Eq. (fTTI) we 
get 



Tr(GG J ) = 

ran 



— TrG 

TO 



(A3) 



and 



[ACC T A T ] kk , 



n 



V2 



where G is defined by Eq. (fT3[). We find therefore 



(A4) 



special case to = 2. In this case we have to perform max- 
imization over one dimensional simplexes A}- - 

with fii = —J12 = ^75<Si and = 1. We get 



Dg( P ) = ^ 

2 71 



TrG 



maxIdfjGcJi} 

«i 



[772 + 773] . (A7) 



2n 2tt, 
where we have defined 771 > 772 > 773 > as the eigenval- 
ues of G. This is agree with the result obtained in Refs. 

iB 

Unfortunately, for to > 2, the maximization involved 
in Eq. (|A6|) can not be solved analytically and we need 



to obtain lower bound. To do so, let { |s) }^Lx be the 
standard base of the space H A , namely the one which 

" A 2 — 1 

the SU(m) generators {Af }™ 1 are expanded in terms 
of them. Similar to Eq. (jAll) . we can write 



If; 



\s)(s\ 



m -1 

E 

i=0 



(A8) 



where 



b ai = r to[\s){a\X i ] = {s\X i \s) 
,2 



(A9) 

for s = 1, ■ ■ • , to and i — 0, ■ ■ • , m 2, — 1. Now if we 
choose the basis of the algebra in such a way that Cartan 
subalgebra makes the first to — I generators, then we can 
write matrix B — (b s i) as follows 



B = 



(-h %\ 



(AIO) 



Here {v s } 1 JL 1 are vectors in M. m _1 such that only first 
7n — l components of them are nonzero. So, we can write 
v s = (2/5, G) where {jAjj-JLi are vectors in M m_1 , and 
denotes null vectors in K m ( m_1 ). It is worth to mention 
that vectors {t? s }^Li are in fact weight vectors of the 
SU (to) Lie algebra in the defining representation [1 7| and 
satisfy the following orthonormality condition 



'^ j {v s )k{v s ) l = Ski- 



(All) 



Tr [ACC 1 A 1 } = 



2 

77) 



fc=l 



where we have used the fact that 53fc=i Pk = 0- Substi- 
tuting Eqs. (IA3|) and (|A5I) into Eq. Q, we arrive at the 
following form for the geometric discord 



D G {p) 



TrG — max > /3jj,G/3fc 



(A6) 



Here maximum is taken over all simplexes A™~ 



To gain further insight into the meaning of the above 
equation, let us mention here that the maximization in- 
volved in the equation above can be solved exactly for the 



In view of this, the zero vectors of the definition 
v s = (z? s ,0) arise from the diagonal elements of the root 
operators of the algebra, which are all zero. Therefore 
vectors {i , s } , JLi makes simplex A™- _ j gRm 2_ 1 , or equiva- 
lent^ simplex A?^~i eHm _ 1 . Evidently, the general base 

{|^)}feLi can be obtained from the standard one by a 
unitary transformation U £ SU(m) as {\k)} = U{\s)}. 
Corresponding to this, there exists orthogonal transfor- 
mation R £ SO(m 2 — I) such that the general simplex 



C- I „ 2 , can be obtained from A™- * „ 



{fik)i = E ^J"( £> fe)j" = E R ij(»k) 



(AI2) 
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for i — 1, 2, ••• , to 2 — 1. In the second equality i? = 
= (fij)i is an (to 2 — 1) x (m— 1) left orthogonal ma- 
trix, i.e. = I m -i, and hj G R'™ 2-1 (j = 1, • • • , m— 1) 
are orthonormal vectors, i.e. hi ■ hi> = 5a> . Using this 
and Eq. (|A11I) , we get 

m m— 1 m— 1 

maxV tfj-Gfik = max n*Gui < ^, (A13) 

K — 1 2—1 1—1 

where {^j^L^ 1 are eigenvalues of G in nonincreasing 
order. Using this in Eq. (|A6j) . we find the desired 
lower bound (fT2|) for the geometric discord. It is worth 
to mention that in the particular case m — 2, the ob- 
tained bound gives exact result for the geometric discord 
(see Eq. (|A7[l ). This follows from the homomorphism 
SU(2) ~ 50(3), happens only for m = 2. On the other 
hand, for to > 2 the set of all unitary transformations 
U G SU(m) acting on the m-dimensional Hilbert space 
Ti A will be a subset of the matrices in SO(m 2 — 1). This 
implies that there exist rotations R G SO(m 2 — 1) which 
are not correspond to any U G SU(m), leading therefore 
to the inequality (|A13|) . 

Appendix B: A proof for Theorem [2] 

In this appendix we provide a proof for theorem [51 To 
this aim, we need the following lemma. 

Lemma 5 (i) If p is a zero-discord state on the space 
H A ®1-L B , then its corresponding local coherence vectors 
x, y, and the correlation matrix T can be represented by 
the following equations 

m m 

x = y^PfcQfc, y = ^Pk£k, (Bi) 

k=l k=l 

m 

T = (B2) 

k=l 

where {dtk}^ = i denote coherence vectors associated to or- 
thonormal projection operators of the subsystem A, hence 
satisfy Eqs. \21\) and {HP, but {^k} 7 ^! are coherence 
vectors of arbitrary states of the subsystem B. 

(ii) If p is an arbitrary bipartite state, then its corre- 
sponding local coherence vectors x and y can be repre- 
sented by Eq. \B1\) . 



Proof (i) Use the coherence vector representations for 
and pf as 

U A = -(l + a k -X A ), p% = -(l + 6-A B )(B3) 
to V / n \ / 

and insert them in the definition of zero-discord state 
([M]) . Comparing the result with the definition of p given 
in Eq. ([5]) , one can obtain the coherence vectors x, y and 
the correlation matrix T as given by Eqs. (|B1[) and (IB2[) . 

(ii) Let p A = ET=iP^t with {U A }f =1 orthonor- 
mal projections on Ti A , be the eigenspectral decomposi- 
tion of p A . Then denoting coherence vectors of {n^lJJLj 
by {cffc}feLi: we nn d that x = J2T=iP k< ^ k - ^ ow hav- 
ing {pk}kLi, we can always find set {p? such that 
ensemble {pk,Pk }T=i realizes p B , i.e. p B = J2k=iPkPk- 
Now letting {Ck}™^ b e coherence vectors of {p B we 
get y = Ylk—i Pk£,k- Note that for a given probability set 
{Pk}T=i> states {p B which realize p B are not unique, 
so associated coherence vectors {^fe}^! are not unique 
too. 

Now we are in a position to present the proof for the- 
orem O If p is a zero-discord state, then by lemma [5] 
its corresponding local coherence vectors x, y and cor- 
relation matrix T can be represented by Eqs. (|B1|) and 
(|B2j) . with {cik}™ =1 as coherence vectors corresponding 
to orthonormal projections. Defining P as (f2"3")) and using 
the properties {dk}™ =1 given in Eq. (f2"TT) . one can easily 
shows that conditions ((25]) are satisfied. Conversely, we 
have to proof that if Eq. (|25p is satisfied, then p is a 
zero-discord state, i.e. its corresponding x, y and T have 
the form given by Eqs. (|B1[) and (|B2p . To do this, we 
first note that Eq. (jBlj) is satisfied for a general state 
p. But by assumption Eq. (|25[) is also satisfied, leading 
therefore to the following form for the correlation matrix 
T 

m m 

r = EEf«( 5 *)(^) t - (B4) 
fc=i i=i 

Since {£i}S?=i are not unique, we can therefore choose 
them in such a way that they can be expanded in terms 

01 {ViViLi as Pkik = YaLiPhVi- Substituting this into 
Eq. (|B4)l we get Eq. JB2|, therefore x, y and T take 
the form given by Eqs. (|B1[) and (|B2[) . hence p is a zero- 
discord state. 
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